The ferromagnetic Ising spins are modeled on a recursive lattice constructed from random-angled rhombus units with stochastic configurations, to study the magnetic properties of the bulk Fe-based metallic glass. The integration of spins on the structural glass model well represents the magnetic moments in the glassy metal. The model is exactly solved by the recursive calculation technique. The magnetization of the amorphous Ising spins, i.e. the glassy metallic magnet is investigated by our modeling and calculation on a theoretical base. The results show that the glassy metallic magnets has a lower Curie temperature, weaker magnetization, and higher entropy comparing to the regular ferromagnet in crystal form. These findings can be understood with the randomness of the amorphous system, and agrees well with others' experimental observations.
Introduction
Since the first report of Fe-based bulk metallic glass (BMG) in 1995 [1] , Fe-based BMG with high glass forming ability (GFA) has drawn an intensive research interest in the last two decades. The nature of glassy state provides advantages of high fracture strength, corrosion resistance, and excellent softmagnetic properties [2] [3] [4] [5] . More specifically, differentiated from the conventional ferromagnet in the crystal form, the feature of easy magnetization and demagnetization of the Fe-based BMG enables various significant applications in either scientific research or industrial engineering [6] .
Consequently, in almost every research on BMGs, the study of magnetic properties of such materials is an indispensable concern. Some phenomenological principles can be indicated with a general review of experimental works, for example, the magnetic moments per transition metal atom, the Curie temperature, and the magnetization of metallic glass are lower than in the corresponding crystal alloy [7] [8] [9] [10] [11] [12] ; The smaller GFA corresponds to the higher transition temperatures, especially the melting transition T M , i.e. a more thermally stable system [12] [13] [14] ; And external magnetic field can enhance the soft magnetic properties of Fe-based bulk amorphous materials [15] . These observations accord well to our intuitive knowledge of the amorphousness. Nevertheless, the investigation on the featured magnetic properties of BMG has rarely been conducted on a theoretical base, especially from the aspect of thermodynamics with the fundamental concepts of the glass and crystal.
On the other hand, along with the experimental work, the simulation and computation on the metallic glass have also became an activate field [16, 17] . However, by this time the theoretical analysis mainly focus on the glass formation and simple thermodynamics, simulation work involves the concept of spin to study the magnetic property is rare, Ref. [18] as an example.
According to the above concern, in this work we conduct a theoretical exploration on the magnetic properties of ferro-BMG with an abstractive thermodynamic model of spins' crystal and glass. The classical Ising spins are modeled on a random-angled recursive lattice to present the magnetic moments arranged in an amorphous configuration. The integration of Ising spins and the structural glass model well represents the case of ferromagnetic metallic glass, while the recursive lattice technique enables exact thermodynamic calculation of the model. In this way, the spontaneous magnetization transition with Curie temperature T C , the effects of randomness parameter, and the entropy behavior are quantitatively investigated.
The Model
Ising model was originally designed to describe the magnetization, and has been developed to study the magnetic materials for many years [19, 20] . The model is usually applied on lattices for numerical treatment. It should be addressed that, the model in this paper is not the spin glass [21] : the orientation of spins only relates to the degree of magnetization, and the amorphousness of glass is represented by the configurational randomness, i.e. the system is a structural glass with magnetic spins as particles.
Lattice Construction
Among numerous methods developed to solve the Ising model, the recursive lattice has been proved to be a reliable method with the advantages of simple formulation and exact calculation [22] [23] [24] [25] [26] . Recursive lattices is constructed by connecting the units from regular lattice on the vertex in a recursive fashion, to approximate the regular lattice with the same coordination number. Such a lattice assembled by square units is called Husimi lattice [27] . Fig.1 illustrates how a Husimi lattice (A') is drawn from a regular square lattice (A).
For the structural glass (Fig.1B) , a calculable regular lattice is impossible. However, the unit cell in a recursive lattice only interacts to others on the joint vertex and its conformation is independent, this makes a individually random unit with variable angles possible. Herein, we construct a Husimi rhombus lattice with random angles to demonstrate the conformational stochasticity of structural glass (Fig.1B') . In this random lattice, the conformation of each rhombus is randomized and fixed by the program, therefore locally it has a quenched randomness.
By setting the square to be the lowest energy conformation, any randomized off-90
• rhombus will have a higher energy, which implies a more disordered conformation deviated from the crystal. Depending on the setup of parameter, we can artificially control how "far away" the structure is from the "pure crystal" form. Thereafter, it is better to define our amorphous model as "semi-glass", since it is a metastable state other than the crystal, but not to reach the upper limit of amorphousness, i.e. the "pure glass".
Ising model and calculation
The Ising spins are applied on the lattices as shown in Fig.1 . The structural randomness does not affect the arrangement and orientation of the magnetic spins, therefore the metallic glassy magnets is possible. In a rhombus unit we consider the interactions J between two neighbor spins and J P between the diagonal spin pairs. The Hamiltonian of the system is given by
where < S i , S j > is the neighbor pair, < S j , S j ′ > is the diagonal pair, H is magnetic field, θ i is the angle against the diagonal pair, and A is the angle energy coefficient. Assume that J is fixed and the angle only affects the diagonal interaction, then by adjusting J P we can have a system with particular randomness away from the ideal crystal state. This model can be exactly solved by the recursive calculation technique to obtain the probability of spins' state at particular temperature, and the magnetization and thermodynamics can be derived from the probability. For calculation details please refer to previous works on the Ising model on Husimi lattice [25, [28] [29] [30] and the supplemental materials.
Results and Discussion
In experimental the magnetization of BMG is usually induced by an external magnetic field, nevertheless in the 2D Ising model [31] , spins can spontaneously transit to uniform orientation without external field. And the temperature where this spontaneous magnetization occurs can be taken as the Curie temperature [9] . In this section, all the discussions on the magnetization and thermodynamics refer to the case of spontaneous magnetization.
The Magnetization of Metallic Glass
While the magnetization can be characterized by the magnetic field strength in the real materials, in the theoretical model of spins ensemble the magnetization can be simply presented by the probability of spins orientation. This probability of Ising spins can be solved as the 'solution' of the model. The solutions on fixed Husimi lattice (crystal) and random lattice (semi-glass) with J = −1 and J P = −0.2 are shown in the Fig. 2 . Several observations can be drawn here: 1) At high temperature, one spin has fifty percent probability to be in either +1 or −1 state, then the average orientation is 0; 2) With the cooling process, there occurs a sharp spontaneous magnetization transition in both systems, and the Curie temperature is T C = 3.131 and 3.097 for crystal and semi-glass; 3) Below T C , the magnetization continue to increase with the decrease of temperature, and at zero temperature, all the spins will be in the same state and we then have a 100% magnetization on the lattice (not shown in the Fig.2) . It is clear that the semi-glass system is less stable and has a lower T C , i.e. the system is easier to proceed a transition, and the magnetization of semi-glass is weaker at a particular temperature comparing to the crystal. On the other hand, the T C reduction is relatively smaller than experimental results. This is because that our model represents a semi-glass as mentioned above, and the parameter J P = −0.2 in Fig.2 is merely a reference setup. We can arbitrarily obtain a particular reduction to fit the real system by adjusting the parameter, the details will be discussed below.
The Thermodynamics
While various electromagnetic and thermodynamic properties of the glassy ferromagnet are being actively researched, the study and report on entropy is rare. A probable reason of this lack of attention maybe due to that the entropy is not a directly measurable variable. Nevertheless, considering that this research field is fundamentally based on the natural difference between crystal and amorphous state, should entropy be an important quantity to pay attention on. Some experimental work reported the positive correlation between higher entropy with enhanced GFA or magnetization [32] .
Unlike experimental, in the theoretical calculation the entropy is easy to be monitored. Figure 3a shows the comparison between the entropy of Ising magnet on random rhombus lattice and in the crystal form around the T C region. For both cases, the transitions on entropy at T C are clear, and accords well to their spontaneous magnetization revealed in Fig.2 .
In the Hamiltonian (Eq.1), the diagonal interaction parameter J P is the only variable related to the randomness of angle, and J P also has positive value setup in the model like J, that is, higher J P prefers same spins orientation and cancels the effect of randomness, therefore we can take J P to be the inverse randomness parameter, i.e. the lower the J P is, the system is more amorphous and farther away from the crystal. The effects of J P variation on the T C and entropy are shown in Fig. 3b . While all the systems exhibit similar behaviors, the variation of J P by 0.1 from 0.1 to 0.5 give the T C as 2.990, 3.097, 3.296, 3.401, and 3.598 respectively, exhibiting a rough linear relationship. It is easy to observe that at a particular temperature, the increase of J P corresponds to a more stable system with lower GFA, smaller entropy and higher magnetization. This theoretical finding agrees well with others' experimental observations.
Conclusion
The Ising spins are modeled on a Husimi rhombus lattice with random angles to describe the ferromagnetic metallic glass. A diagonal interaction parameter J P related to the angle randomness is added into the Hamiltonian to disturb the fixed configuration, subsequently provides a semi-glass deviated from ideal crystal. The model is exactly solved and exhibits the spontaneous magnetization with transition temperature T C . The glassy system presents a lower T C and weaker magnetization than the ferromagnetic crystal. The entropy and the effect of parameter J P are studied, the observation agrees well with others' experimental findings, that the thermodynamically less stable system corresponds to a higher GFA, larger entropy and weaker magnetization.
